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EXISTENCE THEOREM
FOR HYPERBOLIC QUASIPERIODIC SOLUTIONS
OF LAGRANGIAN SYSTEMS ON RIEMANNIAN MANIFOLDS
IGOR PARASYUK
Abstract. We establish new sufficient conditions for the existence of classical hyperbolic
quasiperiodic solutions for natural Lagrangian system on Riemannian manifold with time-
quasiperiodic force function.
1. Introduction. On Riemannian manifold (M, 〈·, ·〉) with Riemannian metric 〈·, ·〉
and Levi-Civita connection ∇, consider a natural Lagrangian system with Lagrangian density
L(tω, x, x˙) = K(x˙) +W (tω, x). (1)
where K(x˙) := 〈x˙, x˙〉 /2 is the kinetic energy, W (·, ·):Tk ×M 7→ R is a smooth force function,
T
k = Rk/(2piZk) is k-dimensional torus with natural angle coordinates ϕ = (ϕ1, . . . , ϕk)| mod
2pi, and ω ∈ Rk is a basis frequency vector with rationally independent components.
In [1], there was developed a variational method for detection of weak quasiperiodic so-
lutions to system with Lagrangian density (1). Earlier this method was applied for analogous
purposes in the case of Lagrangian systems in Euclidean space [2–9], as well as for Lagrangian
systems on Riemannian manifold with nonpositive sectional curvature [10,11]. In contrary to
the last two papers, the authors of [1] managed to avoid the requirement concerning nonpos-
itiveness of sectional curvature, but instead they impose additional conditions in terms of an
auxiliary function. To formulate these conditions we shall use the following notations: ∇ξ,
‖ξ‖, ∇V (x) and HV (x) are, respectively, the covariant derivative along a tangent vector ξ, the
norm of this vector, the gradient of a smooth function V (·) : M 7→ R at a point x, and the
Hessian at this point.
The above conditions are as follows. There exists a bounded smooth function V (·):M 7→
R satisfying the following conditions:
C1: the set D :=
{
x ∈M : 2λV (x) + ‖∇V (x)‖
2 > 0
}
, where
λV (x) := min {〈HV (x)ξ, ξ〉 : ‖ξ‖ = 1, ξ ∈ TxM}
stands for minimal eigenvalue of Hessian HV (x), is nonempty and, for a noncritical value
v ∈ V (D), there exists a bounded connected component Ω of sublevel set V −1 (−∞, v) such
that Ω¯ := Ω ∪ ∂Ω ⊆ D;
C2: the restriction of quadratic form 〈HV (x)ξ, ξ〉 on Tx∂Ω is positive definite for all
x ∈ ∂Ω, and
min
x∈Ω¯
{µV (x)− 2K
∗(x)} > 0, (2)
where
µV (x) := min
{
〈HV (x)ξ, ξ〉 −
1
2
〈∇V (x), ξ〉2 : ‖ξ‖ = 1, ξ ∈ TxM
}
,
and K∗(x) is maximal sectional (Riemannian) curvature over two-dimensional tangent planes
of tangent space TxM (see [12, Sect. 3.6] for the definition);
C3: any two points x, y ∈ Ω can be connected in D¯ by a geodesic segment of conformally
equivalent Riemannian metric 〈·, ·〉V := e
V 〈·, ·〉.
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Unfortunately, Condition C3 is of “noncoefficient” and nonlocal character and as a result
its verification may be quite difficult. In the present paper we shall show that actually the
verification of this condition is needless, since it is fulfilled automatically. This fact allows
as to assert that Conditions C1, C2 together with certain additional properties of function
W (·, ·) guarantee the existence of function u(·) : Tk 7→ M which is associated with a week
Besicovitch quasiperiodic solution x(t) := u(tω) to system with Lagrangian density L(tω, x, x˙)
(Theorem 1). This solution has the following extremal property: it is a limit of sequence
minimizing the functional
L[x(·)] := lim
T→∞
1
2T
T∫
−T
L(tω, x(t), x˙(t))dt (3)
on a metric space formed as a closure of the set of smooth uniformly quasiperiodic functions
x(·) : R 7→ Ω by the pseudometric
d1(x1(·), x2(·)) := lim
T→∞
1
2T
T∫
−T
[
‖x˙1(t)− x2(t)‖
2 + ρ2(x1(t), x2(t))
]
dt. (4)
where ρ(·, ·) : M×M 7→ R is the distance function on (M, 〈·, ·〉). Basing on the approach
proposed in [5] and developed in [13], we shall prove that x(·) is classical uniformly quasiperi-
odic solution of the system with Lagrangian density L(tω, x, x˙) (Theorem 2). Besides, we
establish that the system in variations along x(t) is exponentially dichotomic on whole real
axis (Theorem 3).
2. Existence theorem for weak quasiperiodic solution to Lagrangian system
on Riemannian manifold.
By the Nash theorem [14], the manifold (M, 〈·, ·〉) admits a smooth isometric embedding
ι : M 7→ En into Euclidean space En = (Rn, (·, ·)) of a dimension n > m, so that 〈ξ, η〉 =
(ι∗ξ, ι∗η) for any ξ, η ∈ TxM. Here (·, ·) is standard dot product in R
n, ι∗ stands for derivative
of the embedding map ι.
Denote by Dωf(ϕ) :=
d
dt
∣∣
t=0
f(ϕ+tω) the derivative in direction of vector ω for a function
f(·) : Tk 7→ En and by ∇W (ϕ, x) the gradient of the function W (ϕ, ·) :M 7→ R at point x for
fixed ϕ ∈ Tk.
Proposition 1. A function t 7→ x(t) := u(tω) of class C2(R;M) where u(·) ∈ C
(
T
k 7→M
)
and
D2ωu(·) ∈ C
(
T
k 7→M
)
is a classical quasiperiodic solution of Lagrangian system on (M, 〈·, ·〉)
with Lagrangian density (1) iff for any mapping h(·) ∈ C
(
T
k;TM
)
such that Dωι∗h(·) ∈
C
(
T
k;En
)
and h(ϕ) ∈ Tu(ϕ)M at every point ϕ ∈ T
k the function u(·) satisfies the equality∫
Tk
[(Dωι ◦ u(ϕ), Dωι∗h(ϕ)) + (ι∗∇W (ϕ, u(ϕ)), ι∗h(ϕ))] dϕ = 0 (5)
where dϕ := dϕ1 ∧ . . . ∧ dϕk is differential volume form on torus T
k.
Proof. By definition of classical solution,
∇x˙(t)x˙(t) = ∇W (tω, x(t)) ∀t ∈ R. (6)
If for any point x ∈M, we define the orthogonal projection operator
Px : Tι(x)E
n 7→ ι∗TxM,
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then by the well-known property of the Levi–Civita connection [12, Sect. 3.5] for any smooth
field of tangent vectors ξ(t) along x(t) we have
ι∗∇x˙(t)ξ(t) = Px(t)
d
dt
ι∗ξ(t). (7)
Now taking into account rational independence of frequency vector components the equality
(6) implies the chain of equivalent interrelations
Px(t)
d
dt
ι∗x˙(t) = ι∗∇W (tω, x(t)) ∀t ∈ R ⇔
Pu(ϕ)D
2
ωι ◦ u(ϕ) = ι∗∇W (ϕ, u(ϕ)) ∀ϕ ∈ T
k ⇔∫
Tk
(
D2ωι ◦ u(ϕ), Pu(ϕ)v(ϕ)
)
dϕ =
∫
Tk
(
ι∗∇W (ϕ, u(ϕ)), Pu(ϕ)v(ϕ)
)
dϕ
∀v(·) ∈ C
(
T
k;En
)
: Dωv(·) ∈ C
(
T
k;En
)
⇔∫
Tk
(
D2ωι ◦ u(ϕ), ι∗h(ϕ)
)
dϕ =
∫
Tk
(ι∗∇W (ϕ, u(ϕ)), ι∗h(ϕ)) dϕ (8)
∀h(·) ∈ C
(
T
k;TM
)
: Dωι∗h(·) ∈ C
(
T
k;En
)
, h(ϕ) ∈ Tu(ϕ)M ∀ϕ ∈ T
k.
Integrating by parts of the left-hand side of equality (8) we get the required result. 
Now, basing on Proposition 1, introduce the notion of weak quasiperiodic solution to
the system with Lagrangian density (1) on Riemannian manifold M. Before formulating
the corresponding definition let us recall definitions of a number of functional spaces and
corresponding objects.
Denote by H(Tk;En) the space of En-valued functions on torus Tk Lebesgue integrable by
the square of standard Euclidean norm ‖·‖ =
√
(·, ·) in En (note that in view of the isometricity
of embedding ι the norms of vectors ξ ∈ TxM and ι∗ξ ∈ Tι(x)E
n ∼ En in corresponding spaces
are equal, thus we use the same symbols for these norms). For elements of H(Tk;En), one
can define a dot product (·, ·)0 := (2pi)
−k
∫
Tk
(·, ·)dϕ as well as seminorm ‖·‖0 =
√
(·, ·)20. By
H1ω(T
k;En) denote the space of functions f(·) ∈ H(Tk;En) each of which has weak (generalized)
Sobolev derivative Dωf(·) ∈ H(T
k;En) in direction of ω, i.e. (f(·), Dωg(·))0 = − (Dωf(·), g(·))0
for any continuously differentiable function g(·) : Tk 7→ En. In the space H1ω(T
k;En) one can
naturally define a dot product (·, ·)1 := (·, ·)0 + (Dω·, Dω·)0 and a seminorm ‖·‖1 generated by
it. After we identify elements equal a.e., both spaces
(
H(Tk;En), (·, ·)0
)
,
(
H1ω(T
k;En), (·, ·)1
)
become Hilbertian ones (see, e.g., [13, 15]).
Next, for arbitrary bounded set A ⊂ M, denote by SA the space of smooth functions
u(·) : Tk 7→ A.
Definition 1. A function u(·) : Tk 7→ M is said to be of class H1A, if ι ◦ u(·) is a strong limit
in H1ω(T
k;En) of a sequence {ι ◦ uj(·)}, where uj(·) ∈ SA, j = 1, 2, . . ..
Note that for compact set A¯⊂ M there exist positive constants c and C such that
c ‖ι(x1)− ι(x2)‖ ≤ ρ(x1, x2) ≤ C ‖ι(x1)− ι(x2)‖ ∀x1, x2 ∈ A¯.
Without loss of generality one can regard functions of class H1A as taking values in A¯.
Definition 2. A mapping h(·) : Tk 7→ TM is called a vector field along a mapping u(·) ∈ H1A
determined by a sequence {uj(·) ∈ SA} if ι∗h(·) is a strong limit in H
1
ω (T;E
n) of a sequence
{ι∗hj(·)}, where
{
hj(·) : T
k 7→ TM
}
is a sequence of smooth mappings such that
hj(ϕ) ∈ Tuj(ϕ)M ∀j ∈ N, sup
j∈N,ϕ∈Tk
‖hj(ϕ)‖ <∞.
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By the well-known Riesz–Fischer theorem, a formal sum
∑
n∈Zk
fne
i(n,ϕ) is the Fourier se-
ries of a function f(·) ∈ H(Tk;En) iff the series
∑
n∈Zk
‖fn‖
2 is convergent. On the other hand,
by the Riesz-Fischer-Besicovitch theorem [16, p. 110], to the formal sum
∑
n∈Zk
fne
i(n,ω)t, one
can assign (nonuniquely) a function t 7→ f(t) of class L2loc(R;E
n) for which the above sum
is its Fourier series and which represents an element of the space of Besicovitch quasiperi-
odic functions B2(R;En). In view of the form of both Fourier series we generally use the
notation f(t) = f(tω) for the quasiperiodic function f(·), associated with a function f(·) on
torus. However, one should keep in mind the following factors. Firstly, when proving the
Riesz-Fischer-Besicovitch theorem a Besicovitch function with prescribed Fourier series is con-
structed irrespectively to restriction of concrete associated function to line{ϕ = tω}t∈R, and,
besides, two functions from L2loc(R;E
n) representing an element of the space B2(R;En) (i.e.
possessing common Fourier series) may differ by everywhere nonvanishing function. Secondly,
if we take a function f(·) ∈ H(Tk;En), then we can only assert that the function t 7→ f(ϕ+tω)
belongs to B2(R;En) for almost every point ϕ ∈ Tk, but a priori it’s unknown whether the
same is true for ϕ = 0. To give informal sense to the equality f(t) = f(tω), conversely, having a
function f(·) ∈ B2(R;En), we think of associated function f(·) ∈ H(Tk;En) as being redefined
on the line {ϕ = tω}t∈R (which has zero Lebesgue measure) in such a way that the above
equality is actually fulfilled [15, Sect. 1.5].
Now let f(·) = ι ◦ u(·), where u(·) ∈ H1A. To this function, one can assign an as-
sociated En-valued Besicovitch quasiperiodic function. But in view of the above mentioned
circumstances the following question needs to be clarified: does there exist a Besicovitch
quasiperiodic function associated with ι ◦ u(·) and taking values in ι(A¯)? I.e., does there
exist a Besicovitch quasiperiodic function associated with u(·) ∈ H1A and taking values in A¯?
Basing on completeness of Marcinkiewicz spaces (see, [17–19]) one can show that the answer
to the question is affirmative.
Now in view of Proposition 1 we can introduce the following definition.
Definition 3. A quasiperiodic Besicovitch function t 7→ u(tω) associated with function u(·) ∈
H1A, where A ⊆ M is a bounded set, is called a weak solution of Lagrangian system on M
with Lagrangian density (1) if
(Dωι ◦ u(·), Dωι∗h(·))0 + (ι∗∇W (·, u(·)), ι∗h(·))0 = 0 (9)
for any vector field h(·) along u(·).
The function u(·) from this definition can be interpreted as an extremal of functional
J [u(·)] :=
∫
Tk
[
1
2
‖Dωι ◦ u(ϕ)‖
2 +W (ϕ, u(ϕ))
]
dϕ
on set H1A, and the corresponding weak solution t 7→ u(tω) as an extremal of functional L (3)
on set of Besicovitch quasiperiodic functions associated with functions of class H1A.
Now let us prove an existence theorem for weak quasiperiodic solution.
Theorem 1. Let there exist a bounded smooth function V (·) : M 7→ R satisfying conditions
C1,C2, as well as the inequalities
λW (ϕ, x) +
1
2
〈∇W (ϕ, x),∇V (x)〉 > 0 ∀(ϕ, x) ∈ Tk × Ω¯,
〈∇W (ϕ, x),∇V (x)〉 > 0 ∀(ϕ, x) ∈ Tk × ∂Ω,
where λW (ϕ, x) := min {〈HW (ϕ, x)ξ, ξ〉 : ξ ∈ TxM, ‖ξ‖ = 1}, HW (ϕ, x) is the Hessian of func-
tion W (ϕ, ·) : M 7→ R at point x for ϕ ∈ Tk. Then the system with Lagrangian density (1)
has a weak quasiperiodic solution associated with function of class H1Ω.
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Proof. At first, let us show that any two points of the set Ω := V −1((−∞, v)) can be con-
nected in Ω by a geodesic segment of conformally equivalent metric 〈·, ·〉V := e
V 〈·, ·〉. Denote
by ∇V the Levi–Civita connection of Riemannian manifold (M, 〈·, ·〉V ), and by exp
V
x (·) the
exponential mapping at x associated with ∇V . Let x ∈ Ω and thus v0 := V (x) < v. Consider
the open set
Zx =
{
ξ ∈ TxM : exp
V
x (sξ) ∈ Ω ∀s ∈ [0, 1]
}
.
In [1, p. 10], relying on well-known formula of sectional curvature for conformally equivalent
metric [12, Sect. 3.6], it is observed that the inequality (2) yields nonpositiveness of sectional
curvature for connection ∇V at any point of Ω and along any two-dimensional direction.
Then by the Morse–Schoenberg theorem [12, Sect. 6.2], for any ξ ∈ Zx, the geodesic segment
expVx (sξ), s ∈ [0, 1], does not contain conjugate points. For this reason the mapping exp
V
x (·)
restricted to the set Zx is a local diffeomorphism and this implies that Ξ := exp
V
x (Zx) is an
open subset of the set Ω.
Let us show that at the same time Ξ is a closed subset of Ω. Assume {ξk ∈ Zx} to be
such a sequence that the subsequence
{
xk = exp
V
x (ξk) ∈ Ξ
}
converges to a point x∗ ∈ Ω. We
must show the existence of a vector ξ∗ ∈ Zx such that exp
V
x (ξ∗) = x∗. The set Z¯x is compact,
so we may consider that ξk converges to a point ξ∗ ∈ Z¯x. It remains to show that ξ∗ 6∈ ∂Zx.
Suppose, conversely, that ξ∗ ∈ ∂Zx. Since for sufficiently small δ > 0 and for all t ∈ [0, δ] we
have expVx (tξ∗) ∈ Ω, then tξ∗ ∈ Zx for all t ∈ [0, δ]. From definition of Zx it follows that there
exists s∗ ∈ (δ, 1) such that exp
V
x (s∗ξ∗) ∈ ∂Ω, but exp
V
x (sξ∗) ∈ Ω when s ∈ [0, s∗). Here we
take into account that the equality s∗ = 1 is impossible since x∗ ∈ Ω (if the equality s∗ = 1
were valid, the vector ξ∗ would belong to Zx in contrary to our assumption).
Consider now the sequence s∗ξk. It converges to s∗ξ∗. Hence, V ◦ exp
V
x (s∗ξk) → v and
V ◦ expVx (s∗ξk) < v. Put Vˆ (ξ) := exp ◦V ◦ exp
V
x (ξ). Then for all sufficiently large k we have
1
2
(ev + ev0) < Vˆ (s∗ξk) < e
v. (10)
It is shown in [1, p. 9] that the inclusion Ω¯ ⊂ D yields the existence of σ > 0 such that
d2
ds2
Vˆ (sξk) ≥ σ ∀s ∈ [0, 1], ∀k ∈ N.
Then each derivative d
ds
Vˆ (sξk) is monotone increasing on segment [0, 1] and in addition
d
ds
Vˆ (sξk) ≥
1
2s∗
(ev − ev0) ∀s ∈ [s∗, 1] (11)
for all k starting from sufficiently large number k∗. In fact, in opposite case, there would exists
sufficiently large k, for which the inequalities (10) hold true together with
d
ds
Vˆ (sξk) ≤
d
ds
∣∣∣
s=s∗
Vˆ (sξk) <
1
2s∗
(ev − ev0) ∀s ∈ [0, s∗].
But then
Vˆ (s∗ξk) < e
v0 +
1
2s∗
(ev − ev0) s∗ =
1
2
(ev + ev0)
in contrary to inequality (10). Now from inequality (11) we get
exp ◦V (xk) = Vˆ (ξk) ≥ Vˆ (s∗ξk) +
1
2s∗
(ev − ev0) (1− s∗) ∀k ≥ k∗.
Letting k to infinity we arrive at
exp ◦V (x∗) ≥ e
v +
1
2s∗
(ev − ev0) (1− s∗) > e
v ⇒ V (x∗) > v,
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and this contradicts with assumption that x∗ ∈ Ω, i.e, that V (x∗) < v.
Hence, Ξ is open–closed (in Ω) subset of open set Ω. Since, by assumption, the set Ω is
connected, then, as is commonly known, Ξ = Ω.
Thus for any pair of points x, y ∈ Ω there exists a tangent vector ζ(x, y) ∈ TxM such
that expVx (ζ(x, y)) = y. Furthermore, the geodesic segment
⋃
s∈[0,1] exp
V
x (sζ(x, y)) connects
points x and y and completely belongs to Ω. Moreover, it is shown in [1, Proposition 3.8] that
the mapping
expVx (·) : Zx 7→ Ω
is a diffeomorphism, and hence, the points x, y uniquely determine the vector ζ(x, y), as well
as the geodesic segment of metric 〈·, ·〉V connecting the points and lying in Ω.
The further proving relies on propositions 3.9–3.11 from [1] and completely duplicates
reasonings, contained in proof of Theorem 4.1 and in Addendum to the paper cited. On the
basis of these reasonings we can establish the following: 1) there exists a smooth mapping
χ(·, ·, ·) : [0, 1] × Ω × Ω 7→ Ω (connecting mapping) such that for fixed x, y ∈ Ω the function
χ(·, x, y) : [0, 1] 7→ Ω is a solution to equation
∇x′x
′ =
‖x′‖2
2
∇V (x)
(
x′ :=
dx
ds
)
, (12)
satisfies χ(0, x, y) = x, χ(1, x, y) = y, and one can point out a positive number κ > 0 such
that for any pair of smooth functions xi(·) : R 7→ Ω, i = 1, 2, and for any ϕ ∈ T
k the convexity
condition of Lagrangian density (14) is fulfilled
∂2
∂s2
L
(
ϕ+ tω, χ (s, x1(t), x2(t)) ,
∂
∂t
χ (s, x1(t), x2(t))
)
≥
≥ κ
[
‖∇ξη‖
2 + ‖ξ‖2
(
‖η‖2 + 1
)]
,
(13)
where
η := η(s, t) :=
∂
∂t
χ (s, x1(t), x2(t)) , ξ := ξ(s, t) :=
∂
∂s
χ (s, x1(t), x2(t))
are vector fields along the mapping (s, t) 7→ χ (s, x1(t), x2(t)); 2) as a consequence, for arbitrary
u1(·), u2(·) ∈ SΩ the function
s 7→ J [χ(s, u1(·), u2(·))]
is strictly convex downward on segment [0, 1]; 3) a minimizing sequence {uj(·) ∈ SΩ} for J
∣∣
SΩ
converges to a function u(·) ∈ H1Ω in the sense that
lim
j→∞
‖ι ◦ uj(·)− ι ◦ u(·)‖1 = 0,
the equality inf {J [SΩ+δ]} = J [u(·)] being valid for sufficiently small δ > 0; 3) the function u(·)
satisfies the equality J ′[u∗(·)]h(·) = 0 (equivalent to (9)) for arbitrary vector field h(·) along
u(·). This means that t 7→ u(tω) is a weak quasiperiodic solution to system with Lagrangian
density (1). 
Remark 1. Since the inequalities satisfying by functions V (·) and W (·, ·) in accordance with
conditions of Theorem 1 are strict, the result obtained is still correct for a domain Ω′ =
V −1(−∞, v′) ⊂ Ω with arbitrary v′ < v sufficiently close to v. And then u(·) ∈ H1Ω′ .
3. An existence theorem for classical quasiperiodic solution.
The main result of this paper is the following theorem
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Theorem 2. Let there hold the condition of Theorem 1 and a function u(·) ∈ H1Ω defines a
weak quasiperiodic solution to system with Lagrangian density (1) Then u(·) ∈ C
(
T
k; Ω
)
and
the function x(t) := u(tω) is a classical uniformly quasiperiodic solution to this system.
The proof of the theorem relies on propositions 2–4 given below.
At first we exploit a technique proposed in [5] to prove the following proposition.
Proposition 2. Let there hold the conditions of Theorem 1 and the function u(·) ∈ H1Ω defines
a weak quasiperiodic solution of the system with Lagrangian density (1). Then the function
t 7→ u(ϕ + tω) is a classical Besicovitch quasiperiodic solution to system with Lagrangian
density
L(ϕ+ tω, x, x˙) := K(x˙) +W (ϕ+ tω, x) (14)
for almost all ϕ ∈ Tk. This solution takes values in a compact set K ⊂ Ω.
Proof. Relying on reasonings from the proof of Theorem 1 we can conclude that the set Ω
is diffeomorphic to a domain U of Euclidean space Em = (Rm, (·, ·)). We may think of this
domain as a map of the set Ω. Thus, taking into account Proposition 1, we shall consider that
the function u(·), existence of which is established Theorem 1, belongs to class H1ω
(
T
k;Em
)
and takes values in a compact subset C ⊂ U . We shall also consider that the embedding ι(·)
acts from U into En. The metric 〈·, ·〉 induce in U a tensor field g(x) and the corresponding
metric (g(x)·, ·) = 〈·, ·〉. In view of (7), for any smooth vector field of tangent vectors ξ(t)
along smooth curve x(t) there hold equalities(
d
dt
ιx(t),
d
dt
ι∗ξ(t)
)
=
(
ι∗x˙(t),
d
dt
ι∗ξ(t)
)
=
(
ι∗x˙(t), Px(t)
d
dt
ι∗ξ(t)
)
=
(
ι∗x˙(t), ι∗∇x˙(t)ξ(t)
)
,
and in coordinates of domain U we have
∇x˙(t)ξ(t) = ξ˙(t) + Γx(t) (x˙(t), ξ(t)) ,
where a bilinear mapping Γx : E
m × Em 7→ Em smoothly depends on x ∈ U and can be
expressed via the Christoffel symbols. Therefore a sequence {uj(·)} which defines u(·) and a
sequence {hj(·)} which according to Definition 2 defines a vector field h(·) along u(·) satisfy
the equalities
(Dωι ◦ uj(ϕ), Dωι∗hj(ϕ)) =
(
ι∗Dωuj(ϕ), ι∗∇Dωuj(ϕ)hj(ϕ)
)
=
=
(
g (uj(ϕ))Dωuj(ϕ),∇Dωuj(ϕ)hj(ϕ)
)
=
=
(
g (uj(ϕ))Dωuj(ϕ), Dωhj(ϕ) + Γuj(ϕ) (Dωuj(ϕ), hj(ϕ))
)
.
Consider a special case where the sequence {hj(·)} is defined by a unique smooth mapping h(·) :
T
k 7→ Em, i.e., the vector hj(ϕ) has an origin at point uj(ϕ) and an end at point uj(ϕ)+h(ϕ).
Taking into account that {uj(·)} is uniformly bounded and converges in H
1
ω
(
T
k;Em
)
and also
that ∇W (ϕ, x) = g−1(x)W ′x(ϕ, x), one can present the property (5) of function u(·) in the
form∫
Tk
[(
g(u(ϕ))Dωu(ϕ), Dωh(ϕ) + Γu(ϕ) (Dωu(ϕ), h(ϕ))
)
+ (W ′x(ϕ, u(ϕ)), h(ϕ))
]
dϕ = 0. (15)
Just as in [5], in the integral from the left-hand side, we perform a change of variables
ϕ→ (τ, y) by formula
ϕ = Q(τ, y) :=
k−1∑
i=1
yiεi + τεk,
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where {εi}
k
i=1 is an orthonormal basis in E
k with εk := ω/ ‖ω‖, and y = (y1, . . . , yk−1), Setting
v(τ, y) := u(Q(τ, y)), w(τ, y) := h(Q(τ, y)), I(y): = {τ ∈ R : Q(τ, y) ∈ K} ,
and applying the Fubini theorem to the left-hand side of the equality∫
K
[(
g(u(ϕ))Dωu(ϕ), Dωh(ϕ) + Γu(ϕ) (Dωu(ϕ), h(ϕ))
)
+ (W ′x(ϕ, u(ϕ)), h(ϕ))
]
dϕ = 0, (16)
we get ∫
Y
∫
I(y)
[(
‖ω‖2 g(v(τ, y))v′τ(τ, u), w˙(τ, y) + Γv(τ,y) (v
′
τ (τ, y), w(τ, y))
)]
dτdy+
+
∫
Y
∫
I(y)
(W ′x(Q(τ, y), v(τ, y)), w(τ, y))dτdy = 0, (17)
where v′τ (τ, u) stands for Sobolev generalized partial derivative by variable τ , and w˙(τ, y) =
∂w(τ, y)/∂τ is classical partial derivative by this variable. Since u(ϕ) ∈ H1ω
(
T
k;Em
)
, then∫
Y
∫
I(y)
‖v(τ, y)‖2 + ‖v′τ (τ, y)‖
2
dτdy<∞.
If we now denote by Y the orthogonal projection of k-dimensional cube K := [0, 2pi]k onto
the hyperplane with basis{εi}
k−1
i=1 , then the Fubini theorem together with Theorem 6 [20, p.
399] implies the following assertions: there exists a set Y ′ ⊂ Y such that mesY ′ = mes Y and
for any y ∈ Y ′ the function v(·, y) : I(y) 7→ C is absolutely continuous on I(y), has classical
derivative v˙(τ, y) = v′τ (τ, y) a.e. on this segment, satisfies the condition∫
I(y)
‖v(τ, y)‖2 + ‖v′τ (τ, y)‖
2
dτ <∞ ∀y ∈ Y ′,
and, as a consequence, belongs to Sobolev space H1(I(y);Em).
By introducing a “momentum”
p(τ, y) = g(v(τ, y))v˙(τ, u),
we represent the equality (17) in the form∫
Y
∫
I(y)
(p(τ, y), w˙(τ, y)) dτdy =
= −
∫
Y
∫
I(y)
(
Gv(τ,y)(v˙(τ, y), v˙(τ, y)) + ‖ω‖
−2W ′x(Q(τ, y), v(τ, y)), w(τ, y)
)
dτdy, (18)
where a family of bilinear mappings Gx(·, ·) : E
m × Em 7→ Em smoothly dependent on x ∈ U
is defined by
(g(x)a,Γx(b, c)) = (Gx(a, b), c) ∀a, b, c ∈ E
m.
Since the equality (18) is fulfilled for any function w(τ, y) from space C∞0 (Q
−1 (K) ;Em) formed
by smooth functions having their supports in interior of the set Q−1 (K) =
⋃
y∈Y I(y), then the
above equality implies that the function p(τ, y) has integrable in Q−1(K) Sobolev generalized
derivative
p′τ (τ, y) = Gv(τ,y)(v˙(τ, y), v˙(τ, y)) + ‖ω‖
−2W ′x(Q(τ, y), v(τ, y)). (19)
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By using Theorem 6 [20, p. 399] again, we arrive at conclusion that there exists a set Y ′′ ⊂ Y ′
such that mes Y ′′ = mesY ′ and for any y ∈ Y ′′ there holds the equality
p(τ, y) = p(τ0, y) +
τ∫
τ0
[
Gv(s,y)(v˙(s, y), v˙(s, y)) + ‖ω‖
−2W ′x(Q(s, y), v(s, y))
]
ds, (20)
on segment I(y) where τ0 ∈ I(y) is a fixed point. Hence, for any y ∈ Y
′′, the functions
τ 7→ p(τ, y) and τ 7→ v˙(τ, y) = p(τ, y)/g(v(τ, y)) are absolutely continuous on the segment
I(y), and each of these functions has an ordinary partial derivative by τ a. e. on I(y) .
Then the function τ 7→ v(τ, y) is continuously differentiable, and from (20) it follows that the
function τ 7→ p(τ, y) is continuously differentiable. Then it becomes clear that τ 7→ v˙(τ, y)
is continuously differentiable as well. Thus, for a.e. y ∈ Y the function τ 7→ v(τ, y) is
twice continuously differentiable and satisfies the equality (19) everywhere on I(y). Having
determined from this equality the function v¨(·, ·) of variables τ, y, we see that it is integrable
on Q−1(K).
Finally, let us show that for almost all y ∈ Y the functions τ 7→ v(τ, y) and τ 7→ p(τ, y)
have the properties described above not only on I(y), but also on any segment of real axis
R. Represent the space Ek in the form of union of cubes: Ek =
⋃
m∈Zk
(K + 2pim). Then
R =
⋃
m∈Z
Im(y) where
I0(y) := I(y), Im(y) := {τ ∈ R : Q(τ, y) ∈ K + 2pim} .
Among all Im(y), there are sets of zero measure and, in particular, empty sets. Put
Ym := {y ∈ Y : mes Im(y) > 0} , M :=
{
m ∈ Zk : Ym 6= ∅
}
.
It is clear that for a fixed m the set Ym consists only of those y ∈ Y for which the line L(y)
defined in Ek by equation ϕ = Q(τ, y), τ ∈ R, intersects the cube K+2pim by segment which
is not reduced to single-point set, and M contains only those integer vectors m, for which the
corresponding cube K + 2pim intersects at least with one line L(y), where y ∈ Y , and the
intersection is a segment or a point. It is easily seen that rational independence of components
of frequency vector ω implies that any nonempty set Ym is open. Besides, mes(Y \ Y0) = 0.
Having introduced the orthoprojectors
prY (a) :=
k−1∑
i=1
(a, εi)εi, prT (a) := (a, εk)εk ∀a ∈ E
k,
we get the following equalities 1
f(τ, y) := F (Q(τ, y)) = F (Q(τ, y)− 2pim) = F (Q(τ − prT (2pim), y − prY (2pim))) =
= f (τ − prT (2pim), y − prY (2pim))
for arbitrary function F : Tk 7→ Em, and then for any m ∈M and any y ∈ Ym we have
y − prY (2pim) ∈ Y0, Im(y)− prT (2pim) = I (y − prY (2pim)) , (21)
Thus, for any y ∈ Ym, properties of function τ 7→ f(τ, y) on segment Im(y) are completely
defined by properties of function τ 7→ f (τ, y − prY (2pim)) on segment I (y − prY (2pim)) of
line L (y − prY (2pim)) contained in cube K.
Denote by Y∗ the set of such y ∈ Y for which the function
τ 7→ ν(τ, y) := ‖v(τ, y)‖2 + ‖v′τ (τ, y)‖
2
1We identify a function on torus Tk = Rk/2piZk with its natural lift into the space Ek covering this torus.
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is not locally integrable on R, or, what is the same thing, for any y ∈ Y∗ there exists at least
one m ∈M such that y ∈ Ym and∫
Im(y)
ν(τ, y)dτ =
∫
I(y−prY (2pim))
ν (τ, y − prY (2pim)) dτ =∞. (22)
Then Y∗ ⊂
⋃
m∈M
Ym and therefore Y∗ =
⋃
m∈M
(Y∗ ∩ Ym). Obviously,
mes(Y∗ ∩ Ym) = mes ([Y∗ ∩ Ym]− prY (2pim))
and in view of (21), (22) we have [Y∗ ∩ Ym]− prY (2pim) ⊂ Y∗ ∩ Y0. Since for almost all y ∈ Y
the function τ 7→ ν(τ, y) is integrable on I0(y) = I(y), then mes (Y∗ ∩ Y0) = 0, and therefore
mes (Y∗) ≤
∑
m∈M
mes(Y∗ ∩ Ym) =
∑
m∈M
mes ([Y∗ ∩ Ym]− prY (2pim)) ≤
≤
∑
m∈M
mes (Y∗ ∩ Y0) = 0.
Thus, for almost all y ∈ Y the function τ 7→ ν(τ, y) is locally integrable on R. From this it
follows that for almost all y ∈ Y the function τ 7→ v(τ, y) is absolutely continuous and has
integrable derivative on any segment Im(y), m ∈M.
Arguing in the same way as above, we can easily prove that for almost all y ∈ Y the
function τ 7→ v(τ, y) is twice continuously differentiable on each Im(y), m ∈ M. Now let us
take into account that in view of (15) integration over cubeK in the right-hand side of equality
(16) can be replaced by integration over cube K + sεk with arbitrary s ∈ R. According to
equality (17) the segment I(y) can be replaced be I(y) + s. Then it becomes clear that the
function τ 7→ v(τ, y) is twice continuously differentiable on each segment Im(y)+s,m ∈M, and
hence, on all real axis. In addition the equality (19) holds true for all real τ . By substituting
τ = yk + ‖ω‖ t in (19), we arrive at conclusion that for any yk ∈ R and almost all y ∈ Y the
function t 7→ u
(∑k
i=1 ykεk + tω
)
, t ∈ R, is a classical solution of Lagrangian system
d
dt
(g(x)x˙) =
∂
∂x
[(g(x)x˙, x˙) +W (ϕ+ tω, x)]
with ϕ =
∑k
i=1 yiεi ∈ K, i.e., of system generated on the map U by Lagrangian den-
sity (14). It remains only to observe that the orthogonal transformation which assigns to
a point (y1, . . . , yk) ∈ Q
−1(K) the point ϕ =
∑k
i=1 yiεi ∈ K is measure-preserving. 
Let us fix a point ϕ0 ∈ T
k in such a way that the function t 7→ x(t) := u(ϕ0 + tω) be a
classical solution from Proposition 2. If the metric 〈·, ·〉 were Euclidean, i.e., g(x) ≡ const, then
the immediate consequence of Landau inequality [21] would be the boundedness of solution
derivative on whole real axis. However, in general case the substantiation of boundedness for
the derivative needs another approach.
Proposition 3. The function ‖x˙(·)‖ is bounded on real axis.
Proof. The vector field ξ(t) := x˙(t) along the curve γ defined by equation x = x(t), t ∈ R,
satisfies the identity
∇x˙(t)ξ(t) ≡ ∇W (ϕ0 + tω, x(t)).
By applying the derivative ∇x˙(t) to both sides, one ascertains that ξ(·) is a solution of linear
inhomogeneous system
∇2x˙ξ = HW (ϕ0 + tω, x(t))ξ +
[
∇
∂
∂t
W (ϕ0 + tω, x)
]
x=x(t)
,
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and at the same time satisfies the system
∇2x˙ξ = HW (ϕ0 + tω, x(t))ξ − r(‖x˙(t)‖)R(x˙(t), ξ)x˙(t) +
[
∇
∂
∂t
W (ϕ0 + tω, x)
]
x=x(t)
, (23)
where R is the curvature tensor for Levi–Civita connection, and r(·) : R+ 7→ R+ is an arbitrary
continuous function (it is sufficiently to observe that R(ξ, ξ) = 0). If we require that r(s) =
O(s−2) for |s| → ∞, then the right-hand side of the system (23) will be bounded with respect
to t ∈ R for any field ξ(t) bounded by norm.
Let Ξts be an evolution operator for the linear system ∇x˙(t)ξ = 0. By means of this
operator, the parallel translation of vectors along γ is carried out. Namely, for any vector
ξs ∈ Tx(s)M the result of its parallel translation from a point x(s) to point x(t) along the
curve γ is the vector Ξtsξs. Under the parallel translation the dot product for pair of vectors
stays the same. Therefore the operator Ξts is orthogonal with respect to metric 〈·, ·〉.
Set y∗(t) := Ξ
0
t x˙(t) ≡ Ξ
0
t ξ(t). Since
∇x˙ξ(t) = lim
s→0
1
s
[
Ξtt+sξ(t+ s)− ξ(t)
]
= lim
s→0
1
s
[
Ξtt+sΞ
t+s
0 y∗(t+ s)− Ξ
t
0y∗(t)
]
= Ξt0y˙∗(t),
then, taking into account (6), we have
y˙∗(t) = Ξ
0
t∇W (ϕ0 + tω, x(t)),
and from this it follows, in particular, that
‖y∗(t)‖ = O(|t|), |t| → ∞. (24)
Further, since the vector field ξ(t) along the curve γ satisfies the system (23) and
∇2x˙Ξ
t
0y∗(t) = ∇x˙Ξ
t
0y˙∗(t) = Ξ
t
0y¨∗(t),
then y∗(t) is a solution of linear inhomogeneous system
y¨ = A(t)y + h(t) (25)
where
A(t)y := Ξ0t
[
HW (ϕ0 + tω, x(t))Ξ
t
0y − r(‖ξ(t)‖)R(ξ(t),Ξ
t
0y)ξ(t)
]
,
h(t) := Ξ0t
[
∇
∂
∂t
W (ϕ0 + tω, x)
]
x=x(t)
.
Consider now the corresponding homogeneous systems
∇2x˙η = HW (ϕ0 + tω, x(t))η − r(‖ξ(t)‖)R(ξ(t), η)ξ(t), (26)
y¨ = A(t)y (27)
and show that under appropriate choice of function r(·) the last ones are exponentially di-
chotomic. Define the function
F(t, η,∇ξ(t)η) :=
〈
∇ξ(t)η, η
〉
+
r(‖ξ(t)‖) ‖η‖2
2
〈∇V (x(t)), ξ(t)〉 .
By calculating its derivative along solutions of the system (26), one can establish the following
inequality:
d
dt
F(t, η,∇ξη) ≥ 〈HW η, η〉+
r(‖ξ‖) ‖η‖2
2
〈∇W,∇V 〉+
+ ‖∇ξη‖
2 − r(‖ξ‖) ‖ξ‖ ‖∇ξη‖ ‖η‖ |〈∇V, ε〉|+
r(‖ξ‖) ‖ξ‖2 ‖η‖2
2
[〈HV ε, ε〉 − 2K
∗]−
−
1
2
|r′(‖ξ‖)| ‖ξ‖ |〈∇W, ε〉 〈∇V, ε〉| ‖η‖2 ,
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where ε := ξ/ ‖ξ‖. Now we set
r(s) :=
{
1, s ∈ [0, B],
B2/s2, s > B,
where B > 1, and assign ‖∇ξη‖ = z1, ‖η‖ = z2. Then on the set of those t for which
‖ξ(t)‖ ≤ B we have
d
dt
F(t, η,∇ξ(t)η) ≥
[
λW +
1
2
〈∇W,∇V 〉
]
z22+
+z21 − |〈∇V, ε〉| z1 ‖ξ‖ z2 +
‖ξ‖2 z22
2
[〈HV ε, ε〉 − 2K
∗] .
It is easily seen that the fulfillment of conditions of Theorem 1 assures the existence of positive
α1 and α2 such that
λW +
1
2
〈∇W,∇V 〉 ≥ α1
z21 − |〈∇V, ε〉| z1 ‖ξ‖ z2 +
[
1
2
〈HV ε, ε〉 −K
∗
]
‖ξ‖2 z22 ≥ α2
(
z21 + ‖ξ‖
2 z22
)
,
from what it follows that
d
dt
F(t, η,∇ξη) ≥ α1 ‖η‖
2 + α2 ‖∇ξη‖
2
if ‖ξ(t)‖ ≤ B.
Set
C := max
{
max
x∈Ω¯
‖∇V (x)‖ , max
(ϕ,x)∈Tk×Ω¯
‖∇W (ϕ, x)‖ , max
(ϕ,x)∈Tk×Ω¯
‖HW (ϕ, x)‖
}
and choose B so large that α2B
2 ≥ 1 + C(1 + 3C/2). Then on the set of those t for which
‖ξ(t)‖ > B we get
d
dt
F(t, η,∇ξη) ≥ ‖∇ξη‖
2 −B |〈∇V, ε〉| ‖∇ξη‖ ‖η‖+
B2 ‖η‖2
2
[〈HWε, ε〉 − 2K
∗]−
−
[
C + 3C2/2
]
‖η‖2 ≥ α2(z
2
1 +B
2z22)−
[
C + 3C2/2
]
z22 ≥ α2z
2
1 + z
2
2 .
From this it follows that there exists α > 0 such that the derivative of quadratic form of
variables y, y˙
F(t,Ξt0y,Ξ
t
0y˙) = 〈y˙, y〉+
r(‖ξ(t)‖)
2
〈∇V (x(t)), ξ(t)〉 ‖y‖2
along solutions of the system (27) satisfies the inequalities
d
dt
F(t,Ξt0y,Ξ
t
0y˙) ≥ α
[∥∥Ξt0y∥∥2 + ∥∥Ξt0y˙∥∥2] = α [‖y‖2 + ‖y˙‖2]
and hence is positive definite. At the same time the form F(t,Ξt0y,Ξ
t
0y˙) is, obviously, nonde-
generate and has bounded coefficients. As it follows from [22], the existence of quadratic form
with such properties guarantees the exponential dichotomy of liner system (27) on the whole
real axis, and the inhomogeneous system (25) in view of boundedness of ‖h(t)‖ possesses a
unique bounded solution. Furthermore, any other solution of this system exponentially in-
creases either for t→∞, or for t→ −∞. Since above we have established the estimate (24),
then the solution y∗(t) is bounded on R. Thus the function ‖x˙(t)‖ = ‖Ξ
t
0y∗(t)‖ = ‖y∗(t)‖ is
bounded on R. 
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Proposition 4. If the conditions of Theorem 1 holds true, then for any ϕ ∈ Tk the system
with Lagrangian density (14) cannot have more than one solution x(·) : R 7→ K such that
supt∈R ‖x˙(t)‖ <∞, where K ⊂ Ω is the compact set from Proposition 2.
Proof. Use reductio ad absurdum: suppose that there exists a pair of different solutions xi(·) :
R 7→ K such that supt∈R ‖x˙i(t)‖ <∞, i = 1, 2. Making use of connecting mapping χ (see the
end of Sect.2) and introducing the notations
η(s, t) :=
∂
∂t
χ (s, x1(t), x2(t)) , ξ(s, t) :=
∂
∂s
χ (s, x1(t), x2(t)) ,
define the function
l(t) := 〈η(s, t), ξ(s, t)〉
∣∣∣s=1
s=0
=
= 〈x˙2(t), ξ(1, t)〉 − 〈x˙1(t), ξ(0, t)〉
This function is bounded on R, and it turns out that its derivative can be represented in the
form
l˙(t) =
∂
∂s
L (ϕ+ tω, χ (s, x1(t), x2(t)) , η(s, t))
∣∣∣s=1
s=0
=
=
1∫
0
∂2
∂s2
L (ϕ+ tω, χ (s, x1(t), x2(t)) , η(s, t)) ds.
Taking into account (13) we have
l˙(t) ≥ κ
1∫
0
[
‖∇ξη‖
2 +
(
‖η‖2 + 1
)
‖ξ‖2
]
ds.
Thus, the function l(·) is nondecreasing and its boundedness assures convergence of the inte-
grals
0∫
−∞
1∫
0
‖ξ(s, t)‖2 dsdt <∞,
∞∫
0
1∫
0
‖ξ(s, t)‖2 dsdt <∞. (28)
Note that χ′s(0, x, y) 6= 0 once x 6= y. In fact, otherwise the mapping s 7→ χ(s, x, y)
would be a solution of equation (12) which satisfies the initial conditions χ
∣∣
s=0
= x, χ′s
∣∣
s=0
= 0,
but only constant solution χ(s, x, y) ≡ x has such a property. This contradicts the equality
χ(1, s, y) = y. Taking into account that the equality x1(t) = x2(t) can be valid only on a
discrete set, we have ξ(0, t) 6≡ 0. But then there hold the strict inequalities
lim sup
t→−∞
l(t) < l(0) < lim inf
t→∞
l(t). (29)
It is not hard to show that the second inequality (28) assures the existence of sequence
t+k →∞ such that max
{∥∥ξ(0, t+k )∥∥ , ∥∥ξ(1, t+k )∥∥}→ 0. In the same way, one can prove that the
first inequality in (28) guarantees the existence of sequence t−k → −∞ along which ‖ξ(0, t)‖
and ‖ξ(1, t)‖ simultaneously tend to zero. Then taking into account boundedness of ‖x˙i(t)‖
on R, we get
lim
k→∞
l(t±k ) = 0.
This equality contradicts (29). Namely, the case l(0) ≥ 0 (the case l(0) < 0) contradicts the
existence of sequence
{
t+k
}
(the existence of sequence
{
t−k
}
). 
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Proof of Theorem 2. Apply the Amerio theorem (see, e.g., [23, p. 437]). On the map
U ⊂ Em of domain Ω ⊂M, the system with Lagrangian density L(ϕ0+tω, x, x˙) takes the form
of a second order system, which is equivalent to an 2m-dimensional normal first order system
on phase space U × Em. Since components of frequency vector ω are rationally independent,
then the so-called H-class of system with Lagrangian density L(ϕ0 + tω, x, x˙) is formed by a
family of systems with Lagrangian densities L(ϕ + tω, x, x˙) parametrized by points of torus
ϕ ∈ Tk. From Propositions 2–4 it follows that in C × Em (C is the image of compact set
K on the map) the system with Lagrangian density L(ϕ0 + tω, x, x˙) has a unique classical
bounded Besicovitch quasiperiodic solution t 7→ u(ϕ0 + tω) and each system from its H-class
has a unique bounded solution in C × Em. Thus, all requirements of the Amerio theorem are
fulfilled and u(ϕ0 + tω) is a uniformly almost periodic function. In view of its Fourier series,
this function is uniformly quasiperiodic with frequency basis ω. Then u(·) ∈ C
(
T
k 7→C
)
and
for any ϕ ∈ Tk, in particular for ϕ = 0, the function t 7→ u(ϕ+ tω) is a classical quasiperiodic
solution of the system with Lagrangian density L(ϕ + tω, x, x˙).
Theorem 3. Suppose that the conditions of Theorem 2 holds true and let x(·) ∈ C2(R 7→K)
be a quasiperiodic solution of system with Lagrangian density L(tω, x.x˙). Then the system in
variations along this solution is exponentially dichotomic on R.
Proof. Let t 7→ x(t, s), s ∈ (−δ, δ), be a family of solutions to system with Lagrangian density
L(tω, x, x˙). Let this family smoothly depends on parameter s and x(t, 0) = x(t). Then
ξ(t, s) := x′t(t, s), η(t, s) := x
′
s(t, s) define vector fields along the mapping (t, s) 7→ x(t, s) and
there holds the Lagrange equation
∇ξ(t,s)ξ(t, s) = ∇W (tω + ϕ, x(t, s)).
Calculate here the covariant derivative ∇η(t,s) from both sides, take into account the equali-
ties [12, Sect. 3.6]
∇ηξ = ∇ξη, ∇η∇ξξ −∇ξ∇ηξ = R(ξ, η)ξ,
whereR is curvature tensor f Levi–Civita connection, and set s = 0, ξ(t) := ξ(t, 0), η(t) :=
η(t, 0). Then we arrive at conclusion that the field η(t) satisfies the system in variations along
x(t):
∇2ξ(t)η = ∇η∇W (tω + ϕ, x(t))−R(ξ(t), η)ξ(t). (30)
Since in this case the function t 7→ ‖ξ(t)‖ is bounded, then we can make use of reasonings from
the proof of Proposition 3 with r(s) ≡ 1 to show the exponential dichotomy of system (30) 
4. Concluding remarks. The authors of papers [5,13] restrict themselves to proof of
the fact that classical solutions generated by weak solutions of certain classes of systems on Eu-
clidean space are Besicovitch quasiperiodic functions, while by our main result we shows that
under conditions of Theorem 2 such weak solutions are actually classical uniformly quasiperi-
odic ones. It is also worth to note that the paper [13] deals with quasiperiodic systems in Em
of rather general form
dpq
dtp
= F
(
tω, q, q˙, . . . ,
dp−1q
dtp−1
)
,
but under boundedness condition of right-hand side with respect to derivatives q(j), j =
1, . . . , p − 1. Unfortunately, this condition makes impossible application of results from [13],
concerning classical Besicovitch quasiperiodic solutions, to Lagrangian systems on Riemannian
manifold with nonconstant metric tensor g(x).
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Application of our results to concrete mechanical systems requires constructing the aux-
iliary function V (·). One of the ways to find such a function by means of averaged force
function
W¯ (x) :=
1
(2pi)k
∫
Tk
W (ϕ, x)dϕ
has been offered in [1].
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